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APPLICATION OF SYSTEM IDENTIFICATION FOR DYNAMIC 
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ABSTRACT 

This study applies system identification methods to analyze the change in the dynamic characteristics (fundamental frequency 
and damping ratio) of rocking foundation systems under earthquake excitation. Shaking table testing performed at the National 
Center for Research on Earthquake Engineering of Taiwan on a rocking-governed column-footing model is used for demonstration. 
Two methods of system identification, including short-time transfer function and autoregressive moving average (ARMA) model, 
are utilized to analyze the measured horizontal acceleration data. The segmental ARMA model is found effective to trace the change 
in the system fundamental frequency and damping ratio as well as the rotational stiffness of the footing. The system identification 
results show that during the shaking, the fundamental frequency (rotational stiffness of footing) and damping ratio of the system 
are not constant. As the shaking intensity increases, the fundamental frequency decreases along with the increasing damping ratio; 
however, the fundamental frequency goes up again and the damping ratio decreases as the shaking intensity decreases. Besides, the 
identified dynamic properties of the footing are consistent with those determined from the experimental moment-rotation curves of 
the footing. 
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1.  INTRODUCTION 

In conventional structural analysis, the base of columns in a 
structural model is commonly assumed to be fixed (AASHTO 
2009). For a structure with footings, the foundation is susceptible 
to rocking under strong seismic loading. The assumption of the 
fixed-base condition no longer holds and it may also produce dif-
ferent responses from actual ones. Besides, the seismic response 
of structure may be governed by the moment strength of the foot-
ings so that the expected hinging mechanism in the structure may 
not occur.  

Many studies have been conducted to investigate the 
influence of foundation rocking on the response of structures un-
der seismic loading (e.g., Gajan et al. 2005; Shirato et al. 2008; 
Paolucci et al. 2008; Gajan and Kutter 2008; Gazetas et al. 2013; 
Anastasopoulos and Kontoroupi 2014). From these studies, one of 
the major characteristics of rocking foundations is the uplift be-
havior of the footing, which leads to a reduction in the contact area 
between the soil and footing. Therefore, the rotational behavior of 
the footing can exhibit a nonlinear response even though the soil 
behaves less nonlinearly in stiff strata, and the dynamic character-
istics of rocking foundation systems, including the fundamental 
frequency and equivalent damping ratio, may change during the 
excitation. 

System identification is often used in the fields of automatic 
control and mechanical engineering. In geotechnical engineering, 
system identification has been applied to evaluate the dynamic be-
havior of soil layers under earthquakes (e.g., Safak 1989; Zeghal 
et al. 1995; Elgamal et al. 1996; Mikami et al. 2003). When the 
input and output of a system are given, system identification can 
help determine the system parameters of interest such as the stiff-
ness, damping ratio, and natural frequency. Polhemus and Cakmak 
(1981) used a time invariant autoregressive moving average 
(ARMA) model to determine the system parameters of a soil layer 
subjected to seismic loading by simulating the transfer function of 
ground acceleration responses. Glaser (1995) found that frequency 
based transfer functions may be inappropriate to nonstationary 
field data because finite time period and noise would cause alias-
ing and leakage on signals. For nonstationary data (time-varying 
systems), Glaser and Baie (2000) suggested utilizing a segmenta-
tion scheme to evaluate the changes in the system parameters with 
time by using a recursive parametric model, like the ARMA model. 

This study makes an attempt to apply system identification 
approaches for the evolution of dynamic characteristics of a rock-
ing footing. Shaking table tests conducted by Chiou et al. (2018) 
on a rocking-governed column-footing model is used for demon-
stration. Two identification methods, the transfer function (TF) 
and the autoregressive moving average model (ARMA), are 
adopted and their results are compared to evaluate their applicabil-
ity. These two methods are for linearly time-invariant (LTI) sys-
tems. By dividing the entire time history into several segments, the 
methods are extended to time-varying systems for tracing the 
changes in system parameters with time, including the fundamen-
tal frequency and damping ratio of the system and the rotational 
stiffness of the footing. The analysis results are further interpreted 
by comparing them with those from the experimental hysteretic 
moment-rotation loops of the footing. 
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2.  SYSTEM IDENTIFICATION 

2.1  Short-Time Transfer Function 

The short-time Fourier transform (STFT) is a modified Fou-
rier transform used to determine the distributions of frequency and 
the corresponding phase angle for a selected time section in a sig-
nal. Generally, the algorithm of the STFT is to divide the whole 
signal into many shorter time windows in equal length and perform 
the Fourier transform on each time section separately. By this way, 
the Fourier amplitude-frequency-time relationships can be built. In 
practice, the STFT is performed through the convolution of the 
time window and the Fourier transform of the signal over time. 
This can be expressed in a two-dimensional form as: 
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where a() is the signal and w(t ) is the window function. Based 
on the Heisenberg uncertainty principle, since the resolution of the 
time domain and frequency domain is fixed, higher frequency res-
olution will lead to lower time resolution and vice versa. That is to 
say, a larger window gives better frequency resolution but worse 
time resolution, and a narrow window gives good time resolution 
but poor frequency resolution. The number of samples on which 
the window sections overlap will also affect the resolution: a 
smaller overlap between two neighboring windows may result in 
larger leakage of a signal. 

The transfer function is a complex function over frequency 
domain to describe the relationship between the output and input 
signals. The transfer function G(f) is defined as 
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where f is the frequency; X( f ) and Y( f ) are the Fourier spectra of 
input and output time histories, x(t) and y(t), respectively. 

With the aid of transform function, the fundamental fre-
quency of a system can be identified based on the frequency cor-
responding to the peak value of the transfer function.  

Similar to STFT, the short-time transfer function method is to 
build the transfer functions of selected time sections in a signal. In 
this method, STFT is applied to acceleration records of input and 
output signals to compute the Fourier’s amplitude ratios of output/ 
input motions (amplification factors) of each time window. By this 
way, the amplification factor-frequency-time relationships and the 
evolution of the fundamental frequency can be built. To have a 
better balance between the time and frequency resolution, an ap-
propriate window size of 256 data points and a 50% length overlap 
of two neighboring windows were set. 

2.2 ARMA Model (Autoregressive Moving Average Model)  

In an ARMA model, considering a linear time invariant single 
input and single output (SISO) system, the dynamic response of 
the system can be expressed in a linear difference equation as fol-
lows (Safak 1989; Glaser and Baise 2000), 
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where y(t) and x(t) are the system output and input sequences at 
time t, respectively; ai and bi (i = 1, 2, …, n) are the coefficients 
of the output and input sequences; the amount of na and nb repre-
sent that the amounts of output/ input time points in the past re-
quired to describe the output at time t.  

Through the z-transform, Eq. (3) can further be expressed as 
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Then, the equation can be rearranged to give the ratio of out-
put and input signals, which is called the system transfer function 
as follows, 

1 2
0 1 2

1 2
1 2

( ... )( )
( )

( ) (1 ... )

b

b

a

a

n
n

n
n

b b z b z b zY z
G z

X z a z a z a z

  

  

   
 

   
 (5) 

The roots of the polynomial of the output Y(z) are the zeros 
of the transfer functions; the roots of the polynomial of the input 
X(z) are the poles of the transfer function. 

The transfer function can be rewritten in terms of the poles 
and zeros of G(z) as: 
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where pj (j = 1, 2, … na) are the poles of G(z), and zi (i = 1, 2, …, 
nb) are the zeros of G(z).  

The order of the polynomial of the input na determines the 
number of the vibration modes of the system. Since the roots of 
the polynomial are complex-conjugate, na is even and the number 
of the vibration modes of the system is half of na. Based on the 
poles pj , the damping ratio j and the natural frequency fj of each 
vibration mode j of the system are determined as (Safak 1989). 
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where rj and j are the amplitude and the phase angle of the j th 
pole (pj) of the system, and t	represents the sampling time inter-
val. 

However, it should be noted that although more model pa-
rameters can improve the accuracy of the prediction, the identified 
frequency and damping ratio may be abnormal due to high order 
polynomial fitting. In other words, if too many model parameters 
are applied to describe the system, the model will fit the local fluc-
tuation of test data (i.e., overshooting effect), which may result in 
irrational results. 

To apply the ARMA model to rocking foundation systems, 
based on the segmentation scheme, the original signal is divided 
into several time segments in equal length. Each signal segment is 
regarded as an independent linear time invariant system. As a re-
sult, the ARMA model is performed on each time interval to dis-
tinguish the changes in the dynamic characteristics of the column-
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footing model. Since this approach assumes a linear response in 
each time segment, there is no need to use too many modal fre-
quencies in each section. To avoid overfitting, we use fewer model 
parameters and do not use fixed values of na and nb for each time 
segment. An iteration process is performed for each time segment 
to determine the associated suitable na and nb. In general, the fitting 
percentage above 90% is appropriate to obtain better na and nb 
without overfitting. 

3. OVERVIEW OF SHAKING TABLE TESTING 
ON A COLUMN-FOOTING MODEL 

In the shaking table testing conducted by Chiou et al. (2018), 
a rocking-governed column-footing model, as shown in Fig. 1, 
consisting of a column of height 80 cm and a footing of 40 cm  
40 cm, was designed. The slender ratio of the model (height of the 
model to width of footing) was nearly 2.64. This model is rocking 
dominated as its slender ratio is larger than one (Gajan and Kutter 
2009). 

The footing was designed as a surface footing to clarify the 
rocking behavior without the influence of footing embedment. The 
column was an open pipe pile, made of aluminum, with an outer 
diameter of 89 mm and a thickness of 3 mm. The weight of the 
model was 0.165 kN. Mass blocks with weights of 0.905 kN were 
placed on the top of the column to simulate the weight of a struc-
ture. The total weight of the model was 1.07 kN. The fixed-base 
fundamental period of the model was approximately 0.125 sec 
(frequency of 8 Hz). The column-footing model was put on a soil 
specimen of size 188 cm  188 cm  120 cm in a laminar box. The 
laminar shear box is composed of 15 layers of sliding frames to 
simulate the one dimensional ground response under horizontal 
seismic excitations.  

The Vietnam sand specimen of a relative density of about 
75% (dense sand) was prepared to represent a sturdy ground 
through compaction by layers. The mass density of the specimen 
was 1.585 t/m3. Based on the plate loading tests, the static factor 
of safety for the weight of the model against vertical bearing ca-
pacity was larger than 23 (Chiou et al. 2018). The angle of 

 
Fig. 1  The column-footing model (Chiou et al. 2018) 

internal friction of the soil was about 39. According to the results 
of transfer function of a uniform soil layer later discussed, the 
equivalent shear wave velocity of the soil was 96 m/s and the cor-
responding maximum shear modulus were 14.6 MPa. 

The sensors used in the testing included accelerometers, lin-
ear displacement transducers (LDT), and strain gauges. The accel-
erometers were used to measure the vertical and horizontal accel-
erations of the structure model and soil. The LVDTs were used to 
measure the horizontal displacement of the frames of the laminar 
box, which represented the lateral movements of the soil. In addi-
tion, many pictures were taken by an image measurement system 
to determine the movement of the structure model during the test-
ing. 

One-way excitation was applied at the bottom of the laminar 
box through the shaking table to simulate seismic loading. Three 
types of input motions were adopted, including white noise waves, 
sinusoid signals, and historical earthquake records (Chiou et al. 
2018). Details for the test results can be found in Chiou et al. 
(2018). 

4.  ANALYSIS CASES 

Four cases, as listed in Table 1, are adopted for analyses in 
this study. Cases 921-RSF-1 to 921-RSF-3 are the test cases sub-
jected to a base motion using the record of TAP086 in Chi-Chi 921 
Taiwan earthquake. The acceleration spectra of the earthquake 
events are shown in Fig. 2. Cases WN is the test case using a base 
motion of white noise signals conducted before Cases 921-RSF-1 
to 921-RSF-3 for examining the initial characteristics of the foot-
ing-structure system.  

Figure 3 shows the acceleration responses at the soil surface 
(in the direction of excitation), at the top of the footing (parallel 
with and normal to the direction of excitation), and at the top of 
the structure (in the direction of excitation) for Case 921-RSF-3. It 
can be seen that the acceleration at the top of the footing normal to 
the excitation direction is very small compared to the that parallel 
with the excitation direction, implying the yawing mode is slight; 
the acceleration at the top of the footing is close to the acceleration 
at the soil surface, indicating the translation mode is slight. How-
ever, the acceleration at the top of the structure is quite different 
from that at the soil surface due to the rocking mode. Figure 4 fur-
ther compares the rotation histories at the top of the structure and 
at the top of the footing. It is found that the rotation histories are 
close, showing that the difference in acceleration responses at the 
top of the structure and the soil surface is mainly influenced by the 
rotational response of the footing (rocking mode). Therefore, in 
this study, the column-footing model is simplified as a single-de-
gree-of-freedom rocking system, as shown in Fig. 5, which con-
sists of a rigid bar with a mass on the top and a rotational spring at 
the base. The horizontal acceleration record at the surface of the 
soil is considered as the input motion, and the acceleration record 
at top of the mass is regarded as the output motion for system iden-
tification. 

Table 1  Selected test cases for analysis 

Case Input motion Max. acceleration (g)
WN White noise bandwidth 60 Hz 0.03 

921-RSF-1 Chichi earthquake (TAP086) 0.05 
921-RSF-2 Chichi earthquake (TAP086) 0.20 
921-RSF-3 Chichi earthquake (TAP086) 0.35 

400 mm

80
0 

m
m

54
 m

m

Aluminum pipe 
89 mm, t=3 mm

Flange, t=20 mm

Flange, t=20 mm
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(a) Top of structure 

 
(b) Top of footing 

 
(c) Soil surface 

Fig. 2  Comparison of acceleration histories 

 
Fig. 3 Comparison of rotation histories at the top of the 

structure and top of the footing 

 

Fig. 4  Simplified single-degree-of-freedom rocking system 

 

Fig. 5  Acceleration spectra of base motions 

Figures 6(a) and 6(b) show the transfer functions of the struc-
ture model and soil specimen for Case WN, respectively. The fun-
damental frequency of the structure is 5.1 Hz, and the fundamental 
frequency of the soil specimen is 20 Hz. Figure 7 displays the ac-
celeration spectra at the soil surface for Cases 921-RSF-1 to 921-
RSF-3. The first significant response occurs at 0.056 sec (about 18 
Hz). Compared with the white noise sweeping results, it is close to 
the fundamental frequency of the soil of 20 Hz. In addition, for 
Cases 921-RSF-2 and 921-RSF-3, another significant spectra re-
sponse occurs at the period of around 0.094 sec (about 10.6 Hz), 
indicating that the nonlinear soil behavior is apparent in those 
cases with larger excitation. Next, the test data are analyzed by the 
system identification methods and the results are presented in the 
next section. 

 
(a) Structure                  (b) Soil 

Fig. 6  Experimental frequency response function in Case WN 
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Fig. 7  Acceleration spectra of motions on the soil surface 

5. SYSTEM IDENTIFICATION RESULTS AND 
DISCUSSION 

5.1  Short-Time Transfer Function 

 The aforementioned segmentation scheme is adopted to per-
form the short-time transfer function analysis. Figures 8(a) to 8(c) 
show the short-time transfer functions of Cases 921-RSF-1 to 921-
RSF-3. From these figures, three remarkable regions of frequency 
of larger amplification can be recognized. The first one is 4 to 6 
Hz occurring in the initial and free vibration states. The second 
one is below 4 Hz during the main shaking. This shows that the 
fundamental frequency of the system varies during excitations. 
The third one is at around 24 Hz when the column-footing system 
is under initial and free vibration states and it is referred to as the 
twisting mode of the structure model as mentioned previously. 
Comparing these cases, it is found that the fundamental frequency 
decreases when the excitation intensity increases. The reduction of 
the fundamental frequency is due to the uplifting of the footing. 
Significant reduction occurs when the system is under strong rock-
ing.  

From the results shown above, the short-time transfer func-
tion can help derive the evolution of the fundamental frequency 
with time; however, it is not easy to read out the actual values. 

5.2  Short-Time ARMA Analysis 

It is straightforward for the ARMA method to identify the 
fundamental frequency as well as the damping ratio, and the rota-
tional stiffness of the footing can be further deduced based on the 
fundamental frequency. The results of the short-time ARMA anal-
ysis for the dynamic structure characteristics under the main shak-
ing of Cases 921-RSF-1 to 921-RSF-3 are shown in Figs. 9(a) to 
9(c). The left hand-top of the figure presents the output accelera-
tion response of the system, and the evolutions of the fundamental 
frequency, rotational stiffness and damping ratio are displayed at 
the right hand-top, left hand-bottom and right hand-bottom, re-
spectively. Note that all the figures only display the main excita-
tion that is of interest.  

 

(a) Case 921-RSF-1 

 

(b) Case 921-RSF-2 

 

(c) Case 921-RSF-3 

Fig. 8  Short-time frequency response functions for structure 
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(a) Case 921-RSF-1 

 
(b) Case 921-RSF-2 

 
(c) Case 921-RSF-3 

Fig. 9  Short-time system identification for structure 
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According to Gazetas et al. (2013), the rotational stiffness Kr 
of a rocking foundation system can be computed by the following 
equation: 

2 2
r nK mh w mgh    (9) 

where m and h are the mass and height of the structure, and wn 
represents the natural angular frequency of the rocking structure-  
footing system. 

In general, the identified fundamental frequency and damping 
ratio of the rocking foundation system would fluctuate with the 
intensity of excitation as shown in Figs. 10(a) to 10(c). From Fig. 
10(a), it is seen that the rocking behavior is insignificant due to 
small excitation and the structure system exhibits a linear response 
most of time. The fundamental frequency of the structure model is 
almost the same at 4.5 Hz during the main shaking. However, as 
shown in Figs. 9(b) and 9(c), during strong shaking, the fundamen-
tal frequency reduces due to significant uplifting of the footing, 
and the rotational stiffness of footing significantly reduces accord-
ingly. 

Table 2 compares the fundamental frequencies in different 
states for Cases 921-RSF-1 to 921-RSF-3. Overall, the strong ex-
citation causes larger rotations and therefore reduces the funda-
mental frequency of the structure. For Case 921-RSF-1, the funda-
mental frequency varies less; however, for Cases 921-RSF-2 and 
921-RSF-3, the fundamental frequency significantly reduces dur-
ing the main shaking, and, compared to the initial state, the reduc-
tion ratio of the fundamental frequency is 62% and 41% (rotational 
stiffness reduction ratio 38% and 17%) for Cases 921-RSF-2 and 
921-RSF-3, respectively. On the other hand, although the funda-
mental frequency reduces during shaking, it can rise at the free 
vibration state when the excitation stops. However, for Case 921-
RSF-3 the fundamental frequency at the free vibration state will 
not go back to the original state as shown in Table 2. This is be-
cause rocking induced permanent rotation causes permanent 
change in rotational stiffness of the footing. 

For the damping effect of the structure-footing system, the 
range of estimated damping ratio is about between 5% and 10% 
for Case 921-RSF-1. For Cases 921-RSF-2 and 921-RSF-3, the 
damping ratio is larger because of larger excitation intensity. From 
the evolution of the damping ratio in Cases 921-RSF-2 and 921-
RSF-3, it is seen that the damping ratio increases with increasing 
excitation intensity, and the maximum damping ratio occurs when 
the structure system reaches its peak acceleration response. The 
maximum damping ratio for the structure response of Cases 921-
RSF-2 and 921-RSF-3 are about 26% and 60%, respectively. It is 
seen that rocking behavior can significantly dissipate the seismic 
energy when the system is under a large ground motion. 

In order to evaluate the performance of the short-time ARMA 
method, the short-time ARMA results are further mapped on the 
short-time transfer function spectrum in Figs. 10(a) to 10(c). The 
comparisons show that the variation of identified system frequen-
cies are consistent with those from the short-time transfer function 
spectra. Besides, the short-time ARMA method is straightforward 
to capture the variation of fundamental frequency values of the 
system. 

 
(a) Case 921-RSF-1 

 
(b) Case 921-RSF-2 

 
(c) Case 921-RSF-3 

Fig. 10  Short-time ARMA and transfer function spectrum 

Table 2  The fundamental frequencies for structure in different vibration states 

Case 921-RSF-1 921-RSF-2 921-RSF-3 
Frequency at initial state (Hz) 5.8 5.8 5.8 

Lowest frequency during main shaking (Hz) 4.5 3.6 2.4 
Frequency at free vibration state (Hz) 5.8 5.8 5.1 
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Table 3 Comparison of rotational stiffnesses from the short-time ARMA method and the hysteresis curve in large excitation  

(Unit: kN-m/rad) 

Case 921-RSF-1 
Time (sec) 17.9 21.3 21.8 22.6 23.5 26.7 

Rotation (rad) 3.54E-04 1.09E-03 1.30E-03 4.23E-04 1.45E-03 2.87E-04 
Kr_hys 63.9 61.4 57.3 70.3 63 59.5 
Kr_SI 61.1 59.3 59.3 68.3 58.4 66.9 

Case 921-RSF-2 
Time (sec) 18 21.4 22.7 23.5 24.3 26.8 

Rotation (rad) 1.21E-03 6.54E-03 4.84E-03 2.29E-03 5.05E-03 1.79E-03 
Kr_hys 70.6 31.3 37.1 46.8 36.4 53.8 
Kr_SI 73 40.7 47.5 41.7 36.8 52 

Case 921-RSF-3 
Time (sec) 18.1 21.8 23 24.2 25.5 27.2 

Rotation (rad) 1.85E-03 7.97E-03 1.22E-02 7.27E-03 3.22E-03 2.57E-03 
Kr_hys 69.9 23.3 17.8 24.7 38.8 46.1 
Kr_SI 70.4 18.5 21 24.8 40.3 43.4 

Kr_hys: the rotational stiffness calculated based on the moment-rotation loop 
Kr_SI: the rotational stiffness estimated by the short-time ARMA method 

Table 4  Comparison of damping ratios from the short-time ARMA method and the hysteresis curve in large excitation 

Case 921-RSF-1 
Time (sec) 17.9 21.3 21.8 22.6 23.5 26.7 

Rotation (rad) 3.54E-04 1.09E-03 1.30E-03 4.23E-04 1.45E-03 2.87E-04 
_hys (%) 18.0 18.9 11.5 21.4 8.9 14.9 
_SI (%) 18.6 7.0 7.0 7.9 2.8 0.5 

Case 921-RSF-2 
Time (sec) 18 21.4 22.7 23.5 24.3 26.8 

Rotation (rad) 1.21E-03 6.54E-03 4.84E-03 2.29E-03 5.05E-03 1.79E-03 
_hys (%) 13.5 23.0 17.4 14.2 14.8 8.0 
_SI (%) 8.8 11.5 20.7 25.9 7.1 6.4 

Case 921-RSF-3 
Time (sec) 18.1 21.8 23 24.2 25.5 27.2 

Rotation (rad) 1.85E-03 7.97E-03 1.22E-02 7.27E-03 3.22E-03 2.57E-03 
_hys (%) 11.3 20.0 22.2 21.9 11.9 9.0 
_SI (%) 8.8 59.7 40.9 19.2 10.7 8.6 

_hys: the damping ratio calculated based on the moment-rotation loop 
SI: the damping ratio identified by the short-time ARMA method 

5.3 Comparisons between Short-Time ARMA Analysis 
and Hysteresis Curves 

Moment-rotation hysteresis loops characterize the response of 
nonlinear rotational stiffness of a footing. From the above system 
identification, it is shown that the system characteristics of the 
structure change during excitation. This section will further com-
pare the results of the ARMA method with the experimental mo-
ment-rotation hysteresis loops among different excitation cases. 

Figures 11(a) to 11(c) show the moment-rotation curves for 
Cases 921-RSF-1 to 921-RSF-3. In the figure, the moment is the 
mass times the acceleration times the height of the mass. In the 
small excitation case (921-RSF-1), the moment-rotation curve in 
each cycle is a symmetric ellipse, and the rotational stiffness is 
similar during the excitation. However, for Cases 921-RSF-2 and 
921-RSF-3, the hysteresis loops enlarge when the dynamic re-
sponse of the structure model increases, and the rotation increases 
as well. 

The significant hysteretic behavior is due to the limitation of 
the moment capacity. When the model reaches the ultimate mo-
ment state, the rotation of the structure keeps increasing and 

therefore causes a significant hysteresis loop. Another important 
contribution of the hysteresis behavior is the plastic deformation 
of the soil underneath the foundation. Although the hysteresis 
curve is considered as the energy dissipation behavior for rocking 
behavior, it should be noticed that it is accompanied with the per-
manent deformation of the soil and the permanent rotation of the 
footing. As in Case 921-RSF-3 (Fig. 11(c)), the moving hysteresis 
loops are due to the significant permanent rotation of the footing. 

The moment-rotation hysteresis loop can be further modeled 
as an equivalent-linear viscous damped system with an equivalent 
stiffness Kr and an equivalent damping ratio . According to Cho-
pra (1995), the equivalent rotational stiffness is the secant slope at 
the maximum rotation of the moment-rotation loop; based on the 
area of the hysteretic loop, the equivalent damping ratio is ob-
tained by equating the total dissipation energy WD during one cycle 
of loading with the associated elastic strain energy WE at the max-
imum rotation, which is expressed as 

=
4

D

E

W

W



  (10) 
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(a) Case 921-RSF-1 

 
(b) Case 921-RSF-2 

 
(c) Case 921-RSF-3 

Fig. 11  Moment-rotation curves 

Figures 12(a) to 12(c) compare estimated rotational stiffness 
by the short-time ARMA analysis with the moment-rotation loops 
of the footing for Cases 921-RSF-1 to 921-RSF-3. The selected 
time sections are within the main shaking duration or the time in-
terval in which significant rocking occurs. In these figures, the red 
lines with red dots represent the moment-rotation curve at certain 
time sections, and the blue lines represent the identified rotational 
stiffness by system identification. The time section of 0.5 sec for 
system identification is adopted in building the moment-rotation 
curve. In Cases 921-RSF-1 to 921-RSF-3, the identified rotational 
stiffness is consistent with the equivalent rotational stiffness of the 
hysteresis loop. It is also shown that the short-time ARMA model 
can capture the changes in the system stiffness. Based on the above 
comparisons, Table 3 summarizes the identified rotational stiff-
ness and the back-calculated stiffness from the hysteresis curves. 
For a hysteresis loop, the equivalent rotational stiffness is the se-
cant slope at the maximum rotation of the moment-rotation loop. 

Table 4 summarizes the identified damping ratio and the 
back-calculated damping ratio from the hysteresis curves. Both the 
results of system identification and the hysteretic loops showed 
that rocking behavior can dissipate the seismic energy; however, 
there are some differences between them, which is because the ro-
tational spring is assumed to be linear in the ARMA model, but 
the hysteresis loops are actually nonlinear. 

Based on Table 3, Fig. 13(a) plots the relationship of identi-
fied rotational stiffness vs. rotation. Three cases show consistent 
trends: the rotational stiffness is about constant at the small rota-
tion level (< 0.002 rad) and for large rotations, it significantly de-
creases with increasing rotation. Deng et al. (2014) proposed an 
empirical equation for the initial rotational stiffness of a footing as  

,ini -foot300r cK M   (11) 

where Mc-foot is the moment capacity of the footing. In this case, 
Mc-foot is 0.214 kN-m and Kr,ini = 64.2 kN-m/rad. Compared to the 
rotational stiffness identified, it is interesting to note in Fig. 15(a) 
that the Kr,ini is close to the rotational stiffness at small rotations ( 
< 0.002 rad). Besides, for the degradation of rotational stiffness, in 
terms of a theoretical maximum stiffness Kr,max proposed by 
Gazatas (1991), Gajan et al. (2005) proposed a mean rotational 
stiffness reduction trend for different levels of rotation based on 
centrifuge tests, as follows, 

3 0.6

,max

3.0 10 ( )r

r

K

K
      (12) 

For this study, according to Gajan et al. (2005), Kr,max of 669 
kN-m/rad is estimated. The trend of rotational stiffness at different 
levels of rotation is built as shown in Fig. 13(a). It is seen that Eq. 
(12) appears to be the upper bound of the rotational stiffness iden-
tified; however, at low rotations (< 0.003 rad), the rotational stiff-
ness seems to be much overestimated. The empirical Kr,ini is much 
smaller than the theoretical Kr,max. This is because the theoretical 
Kr,max ignores soil plasticity and footing uplift. Besides, a curved 
soil surface was possibly formed below the foundation base during 
repetitive rocking, causing a smaller contact area between the soil 
and footing and leading to a lower rotational stiffness (Gajan et al. 
2005; Paolucci et al. 2008). Regarding Kr,ini as the rotational stiff-
ness prior to 50% of moment capacity (Deng 
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(a) Case 921-RSF-1 

 
(b) Case 921-RSF-2 

 
(c) Case 921-RSF-3 

Fig. 12  Moment-rotation curves versus identified rotational stiffnesses  
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(a) Rotational stiffness                                          (b) Damping ratio 

Fig. 13  Relationships of identified rotational stiffness and identified damping ratio vs. rotation 

et al. 2014), based on the data points, a mean relationship for the 
reduction trend of rotational stiffness with respect to Kr,ini is built 
as follows and shown in 13(a), 

0.5

,ini

r

r r

K

K


 

   
  (13) 

where r is the reference rotation which is 0.00167 rad, defined as 
Mc-foot/(2Kr,ini). 

Equation (13) applies to r ≤  ≤ 4r. When < r, Kr = Kr,ini. 
is limited to be below 4r to avoid a moment value (Kr) that is 
larger than Mc-foot. In addition, Fig. 13(a) also displays upper and 
lower bound curves for 1 standard deviation, respectively. 

Based on Table 4, Fig. 13(b) plots the relationship of identi-
fied damping ratio vs. rotation. The damping ratio appears to in-
crease with the amplitude of rotation. Along with the trend of ro-
tational stiffness vs. rotation, at small rotations (< 0.002 rad), the 
damping ratio is low (most data are about 6% to 9%); afterward 
the damping ratio significantly increases with increasing rotation. 
Overall, the damping ratio is low for the case with low intensity of 
shaking while the damping ratio is large for the case with strong 
intensity of shaking due to large rotations generated. 

6.  CONCLUSIONS 

In this study, two methods of system identification have been 
applied to investigate the changes in the dynamic system charac-
teristics of a column-footing-soil model in the shaking table testing 
under different excitation conditions. The results of system identi-
fication were further compared with the experimental hysteretic 
moment-rotation loops to interpret the meaning of the identified 
system parameters. The following conclusions can be drawn. 
(1) With the aid of the segmentation scheme, the short-time 

transfer function and ARMA method can effectively capture 
the evolution of the dynamic system frequency of the column-
footing model. Compared to the transfer function method, the 
ARMA method can also identify the damping ratio of the sys-
tem and it is more straightforward for the ARMA method to 
determine the values of the system frequency. 

(2) During the process of shaking, the fundamental frequency of 
the model is not constant. The fundamental frequency 

decreases as the shaking intensity increases, but it may in-
crease as the shaking intensity decreases. The reduction of 
fundamental frequency implies the degradation of rotational 
stiffness of the footing due to the uplift of the footing. Espe-
cially for the largest excitation case in this study, the rota-
tional stiffness of the footing is reduced to only 17% and does 
not go back to the original state after excitation due to the 
permanent rotation. 

(3) The change in the identified damping ratio follows the varia-
tion trend of the fundamental frequency. The damping ratio 
increases as the fundamental frequency decreases, and the 
maximum damping ratio occurs when the fundamental fre-
quency is about to reach its lowest value. 

(4) The identified dynamic properties are compatible with those 
determined from the hysteretic moment-rotation curves. The 
ultimate moment capacity of the footing limited the structure 
acceleration, which causes a low rotational stiffness and a 
high damping ratio identified at large excitation intensity. 
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